Abstract. By an additive action on an algebraic variety X we mean a regular effective action G n a × X → X with an open orbit of the commutative unipotent group G n a . In this paper, we give a classification of additive actions on complete toric surfaces.
Introduction
Let X be an irreducible algebraic variety of dimension n over an algebraically closed field K of characteristic zero and G a = (K, +) be the additive group of the ground field. Consider the commutative unipotent group G n a = G a × . . . × G a (n times). By an additive action on X we mean an effective regular action G n a ×X → X with an open orbit. In other words, an additive action on a complete variety X allows to consider X as a completion of the affine space A n that is equivariant with respect to the group of parallel translations on A n . The study of additive actions began with the work of Hassett and Tschinkel [17] . They introduced a correspondence between additive actions on the projective space P n and local (n + 1)-dimensional commutative associative algebras with unit; see also [18, Proposition 5 .1] for a more general correspondence. Hassett-Tshinkel's correspondence makes it possible to classify additive actions on P n for n ≤ 5; these are precisely the cases when the number of additive actions is finite.
The study of additive actions was originally motivated by problems of arithmetic geometry. Chambert-Loir and Tschinkel [7, 8] gave asymptotic formulas for the number of rational points of bounded height on smooth (partial) equivariant compactifications of the vector group.
There is a number of results on additive actions on flag varieties [1, [13] [14] [15] , singular del Pezzo surfaces [12] , Hirzebruch surfaces [17] and weighted projective planes [2] .
This work concerns the case of toric varieties. The problem of classification of additive actions on toric varieties is raised in [6, Section 6] .
It is proved in [11] that G a -actions on a toric variety X Σ normalized by the acting torus T are in bijection with some elements e ∈ M, where M is the character lattice of torus T . These vectors are called Demazure roots of the corresponding fan Σ. Cox [9] observed that normalized G a -actions on a toric variety can be interpreted as certain G a -subgroups of automorphisms of the Cox ring R(X) of the variety X. In turn, such subgroups correspond to homogeneous locally nilpotent derivations of the Cox ring.
In [5] all toric varieties admitting an additive action are described. It turns out that if a complete toric variety X admits an additive action, then it admits an additive action normalized by the acting torus. Moreover, any two normalized additive actions on X are isomorphic.
This work solves the problem of classification of additive actions for a complete toric surface. It was known in particular cases of the projective plane [17, Proposition 3.2] , Hirzebruch surfaces [17, Proposition 5.5] and some weighted projective planes [2, Proposition 7] that these surfaces admit exactly two non-isomorphic additive actions, the normalized and the non-normalized ones. In Theorem 3, we prove that any complete toric surface admits at most two non-isomorphic additive actions and characterize the fans of surfaces that admit precisely two additive actions.
After presenting some preliminaries on toric varieties and Cox ring (Section 2) and G a -actions and Demazure roots (Section 3), we describe the results of [5] (Section 4). In Section 5, we prove some facts about Demazure roots of a toric variety admitting an additive action. In Section 6, we formulate and prove the main theorem of this work. In Section 7, we give several explicit examples of additive actions on toric surfaces in Cox ring coordinates and discuss the further research.
The author is grateful to his supervisor Ivan Arzhantsev for posing the problem and permanent support and to Yulia Zaitseva for useful discussions and comments.
Toric varieties and Cox rings
In this section we introduce basic notation of toric geometry, see [10, 16] for details.
Definition 1.
A toric variety is a normal variety X containing a torus T ≃ (K * ) n as a Zariski open subset such that the action of T on itself extends to an action of T on X.
Let M be the character lattice of T and N be the lattice of one-parameter subgroups of T . Let · , · : N × M → Z be the natural pairing between the lattice N and the lattice M. It extends to the pairing · ,
Definition 2. A fan Σ in the vector space N Q is a finite collection of strongly convex polyhedral cones σ such that:
(1) For all cones σ ∈ Σ, each face of σ is also in Σ.
(2) For all cones σ 1 , σ 2 ∈ Σ, the intersection σ 1 ∩ σ 2 is a face of the cones σ 1 and σ 2 .
There is one-to-one correspondence between normal toric varieties X and fans Σ in the vector space N Q , see [10, Section 3.1] for details.
Here we recall basic notions of the Cox construction, see [3, Chapter 1] for more details. Let X be a normal variety. Suppose that the variety X has free finitely generated divisor class group Cl(X) and there are only constant invertible regular functions on X. Denote the group of Weil divisors on X by WDiv(X) and consider a subgroup K ⊆ WDiv(X) which maps onto Cl(X) isomorphically. The Cox ring of the variety X is defined as
and multiplication on homogeneous components coincides with multiplication in the field of rational functions K(X) and extends to the Cox ring R(X) by linearity. It is easy to see that up to isomorphism the graded ring R(X) does not depend on the choice of the subgroup K. Suppose that the Cox ring R(X) is finitely generated. Then X := Spec R(X) is a normal affine variety with an action of the torus
There is an open H X -invariant subset X ⊆ X such that the complement X\ X is of codimension at least two in X, there exists a good quotient p X : X → X//H X , and the quotient space X//H X is isomorphic to X, see [3, Construction 1.6.3.1]. Thus, we have the following diagram
It is proved in [9] that if X is toric, then R(X) is a polynomial algebra K[x 1 , . . . , x m ], where the variables x i correspond to T -invariant prime divisors D i on X or, equivalently, to the rays ρ i of the corresponding fan Σ. The Cl(X)-grading on R(X) is given by deg(
In this case, X is isomorphic to K m , and X \ X is a union of some coordinate subspaces in K m of codimension at least two. Denote by T the torus (K * ) m acting on the variety X. Each w ∈ M gives a character χ w : T → K * , and hence χ w is a rational function on X. By [10, Theorem 4.1.3], the function χ w defines the principal divisor div(χ w ) = − ρ w, u ρ D ρ . Let us consider the map M −→ Z m defined by w → ( w, u ρ 1 , . . . , w, u ρm ), where ρ 1 , . . . , ρ m are one-dimensional cones of Σ. We identify the group Z m with the character lattice of the torus (K * ) m . Thus, every element w ∈ M corresponds to the character χ w of the torus T. Moreover, for any w, w ′ ∈ M the equality w = w ′ holds if and only if χ w = χ w ′ .
Demazure roots and locally nilpotent derivations
Let X Σ be a toric variety of dimension n and Σ be the fan of the variety X Σ . Let Σ(1) = {ρ 1 , . . . , ρ m } in N be the set of rays of the fan Σ and p i be the primitive lattice vector on the ray ρ i .
For any ray ρ i ∈ Σ(1) we consider the set R i of all vectors e ∈ M such that (1) p i , e = −1 and p j , e ≥ 0 for j = i, 1 ≤ j ≤ n; (2) if σ is a cone of Σ and v, e = 0 for all v ∈ σ, then the cone generated by σ and ρ i is in Σ as well.
Elements of the set R = 
Roots in S and U are called semisimple and unipotent respectively. A derivation ∂ of an algebra A is said to be locally nilpotent
Every locally nilpotent derivation of degree zero on the Cox ring R(X Σ ) induces a regular action G a × X Σ → X Σ . In fact, any regular G a -action on X Σ arises this way, see [9, Section 4] on the algebra R(X Σ ). This derivation has degree zero with respect to the grading by the group Cl(X Σ ). This way one obtains a bijection between the Demazure roots in R and locally nilpotent derivations of degree zero on the ring R(X Σ ), which in turn are in bijection with G a -actions on X Σ normalized by the acting torus.
Lemma 1.
Let D e be a homogeneous LND that corresponds to the Demazure root e ∈ M and t be an element of maximal torus T. Then,
Proof. By definition, the derivation D e is equal to
. Let us consider the image
. Thus, we get
Complete toric varieties admitting an additive action
In this section, we shortly present the results of [5] . Let X Σ be a toric variety of dimension n admitting an additive action and Σ be the fan of the variety X Σ . Denote primitive vectors on the rays of the fan Σ by p i , where 1 ≤ i ≤ m.
Definition 3.
A set e 1 , . . . , e n of Demazure roots of a fan Σ of dimension n is called a complete collection if p i , e j = −δ ij for all 1 ≤ i, j ≤ n for some ordering of p 1 , . . . , p m .
An additive action on a toric variety X Σ is said to be normalized if the image of the group G Here we prove a proposition that will be used below.
Definition 4. The negative octant of the rational vector space V with respect to a basis
Proposition 1. Let X Σ be a complete toric variety. The following statements are equivalent.
(1) There is a complete collection of Demazure roots of the fan Σ.
(2) We can order rays of the fan Σ in such a way that the primitive vectors on the first n rays form a basis of the lattice N and the remaining rays lie in the negative octant with respect to this basis. (3) There exists an additive action on X Σ .
Proof. Let us prove implication (1) ⇒ (2)
The converse implication is straightforward. Equivalence (1) ⇔ (3) follows from Theorems 1 and 2.
Demazure roots of a variety admitting an additive action
Let X Σ be a complete toric variety of dimension n admitting an additive action and Σ be the fan of the variety X Σ . Denote primitive vectors on the rays of the fan Σ by p i , where 1 ≤ i ≤ m.
From Proposition 1 it follows that we can order p i in such a way that the first n vectors form a basis of the lattice N and the remaining vectors p j (n < j ≤ m) are equal to Consider the set Reg(S) = {u ∈ N : u, e = 0 for all e ∈ S}. Any element u from Reg(S) divides the set of semisimple roots S into two classes as follows: (1) any element e ∈ R j , j > n, is equal to p * i j for some 1 ≤ i j ≤ n; (2) all unipotent Demazure roots lie in the set n i=1 R i ; (3) there exists a vector u ∈ Reg(S) such that S
Proof. We start with the first statement. Consider a root e = n i=1 ε i p * i ∈ R j , where j > n.
By definition of Demazure roots, we have
α ji ε i = 1 and ε i ≥ 0 for all 1 ≤ i ≤ n. Consider the set I j = {i : α ji > 0}. Then there exists s ∈ I j such that ε s = 1 and for all l ∈ I j \ {s} the equality ε l = 0 holds. Since X Σ is complete, there is no half-space with all vectors p i inside. Hence, for all l ∈ {1, . . . , n} \ I j there exists r > n such that α rl > 0. Since p r , e = − n i=1 α ri ε i ≥ 0, we have ε l = 0. This implies e = p * s . The first statement is proved.
Let us prove the second statement. As above, consider the root e = p * i j ∈ R j , j > n. From the first statement of Proposition 2 and Lemma 2 it follows that the element −e is a root and lies in R i j for some i j . This means that the root e is semisimple. Hence, all unipotent roots lie in the set n i=1 R i . To prove (3), we should find a vector u from the set Reg(S) such that the set 
∆u
′ ∈ N Q , where ∆u ′ ∈ N and Q is a positive integer such that the inequality u 0 + ∆u, e Q < 0 holds for all roots e ∈ m i=n+1 R i . So, we have Q(u 0 + ∆u) ∈ Reg(S), and we obtain the required vector u := Q(u 0 + ∆u).
Main results
We consider a complete toric surface X Σ with the fan Σ admitting an additive action. Denote primitive vectors of the rays of the fan Σ by p 1 , . . . , p m . We assume that p 1 , p 2 is the standard basis of N Q . Definition 5. Let us call a fan Σ wide if it satisfies one of the following equivalent conditions:
(1) There exist 2 < i 1 , i 2 ≤ m such that a i 1 1 > a i 1 2 and
Proof of Equivalence. From the definition of Demazure roots it follows that
From this it follows that |R 1 | = min Let us consider two areas in N Q :
The first condition from the definition of a wide fan means that there is a ray of Σ in the area A I and there is a ray in the area A II . Now we are ready to formulate the main theorem. Proof of Theorem 3. We are going to classify additive actions on X Σ by describing twodimensional subgroups of a maximal unipotent subgroup U of the automorphism group Aut(X Σ ) up to conjugation in Aut(X Σ ). Fix a vector u ∈ Reg(S) that satisfies assertion (3) 
Proof. From the definition of Demazure roots it follows that
We have |R 1 | > 1, |R 2 | > 1 simultaneously if and only if
Since the roots (−1, 1), (1, −1) are opposite to each other, only one of them can lie in R + .
Only the roots (−1, 1), (1, −1) can lie in the set (R 1 ∩ −R 2 ) ∪ (R 2 ∩ −R 1 ). Thus, we have |R
Without loss of generality, it can be assumed that |R 
Proof. In this proof we use notation introduced in Section 2. The correspondence between Demazure roots and LNDs implies:
It can be easily checked that the derivations ∂ k commute with each other. Moreover, direct computations show that the commutator [δ, ∂ k ] is equal to the derivation k∂ k−1 .
Let us find all commutative subgroups in the group U that correspond to additive actions. Such groups are in bijection with some pairs (D 1 , D 2 ) of commuting LNDs. Note that not every pair of commuting LNDs corresponds to an additive action.
Lemma 5. In the above terms there is an invertible linear operator φ on the vector space
Proof. Every pair of derivations has the form
= 0 then dimension of the orbit in the total space X Σ is less than 2 and the orbit can not become open after the factorization X Σ → X Σ . Thus, without loss of generality we can assume that λ (1) = 0. We can convert derivations D 1 , D 2 to the form Hereafter, we assume that d = 0.
Lemma 7.
There exists an automorphism ψ ∈ Aut(R(X Σ )) that conjugates
Proof. We are going to find numbers η k ∈ K such that the automorphism
The automorphism ψ conjugates LNDs D 1 , D 2 to the form
Here, we get the system of linear equations
in variables η 1 , . . . , η d . This system has a unique solution as an upper triangular system and it is the solution we are looking for.
Hereafter, we suppose that D 1 , D 2 have form (3). Thus, we have a family of additive actions parameterized by the number µ d :
Note that every action corresponding to the pair of LNDs of form (3) acts on x j , 3 ≤ j ≤ m identically. Proof. We conjugate the pair of LNDs that have form (3) by an element t of the maximal torus T = (K * ) m . Using Lemma 1 we obtain
we can conjugate an additive action with µ d = 0 to the additive action with µ d = 1.
From the last lemma it follows that there are two classes of additive actions. The first one (µ d = 0) is a normalized additive action:
The second is a non-normalized additive action: 
We consider the space V = {s 1 D 1 + s 2 D 2 : s 1 , s 2 ∈ K} and its subspace
be an arbitrary non-zero element of C.
In the case of normalized action (s
Elements of Ann V f are defined by the following equations:
The collection of subspaces Ann V f , where f ∈ C \ {0}, contains a family of lines {s 1 D 1 + s 2 D 2 : λ 1 s 1 + λs 2 = 0}, (λ : λ 1 ) ∈ P 2 . In the case of non-normalized action (s 1 D 1 + s 2 D 2 )f is equal to The subspace Ann V f for f ∈ C \ {0} can be either KD 2 or 0.
Hence, actions (5) and (6) are not isomorphic. In the case of a wide fan Theorem 3 follows from Lemmas 5 and 6. In the case of a non-wide fan we obtain the assertion from Lemmas 6-9. Theorem 3 is proved.
Examples and problems
In this section, we describe some examples illustrating Theorem 3. Example 1. Let us consider the surface P 1 × P 1 . Its fan is wide and there is only one additive action up to isomorphism. Examples of additive actions on singular del Pezzo surfaces can be found in [12] .
The case of 3-dimensional toric varieties seems to be more complicated: by HassettTschinkel correspondence, we have four non-isomorphic additive actions on P 3 , see [17, Proposition 3.3] . Nevertheless, the following problem seems to be reasonable. Problem 2. Classify additive actions on complete three-dimensional toric varieties. In particular, characterize complete toric 3-folds that admit a unique additive action. Is it true that the number of additive actions on a complete toric 3-fold is finite?
